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Introduction
The purpose of this paper is to derive the norm inequalities for the composite operator D • G of the Hodge-Dirac operator D and Green's operator G on differential forms. Specifically, we will develop the upper bounds for norms of the composite operator D • G applied to differential form u in terms of the norm of u. We all know that there are different versions of Dirac operators, such as the Hodge-Dirac operator associated to a Riemannian manifold and the euclidean Dirac operator arising in Clifford analysis. The Dirac operator studied in this paper is the Hodge-Dirac operator defined by D = d + d , where d is the exterior derivative, and d is the Hodge codifferential, which is the formal adjoint to d. Both the Dirac operator D and Green's operator G are widely studied and used in mathematics and physics. Since it was initiated by Paul Dirac in order to get a form of quantum theory compatible with special relativity, Dirac operators have been playing an important role in many fields of mathematics and physics, such as quantum mechanics, Clifford analysis and PDEs. Green's operator is a key operator, which has been very well used in several areas of mathematics. In many situations, the process of studying solutions to PDEs involves estimating the various norms of the operators and their compositions. Hence, we are motivated to establish the upper bounds for the composite operators in this paper. See [-] for recent work on the Dirac operator, Green's operator and their applications.
Let M be a bounded domain and B be a ball in R n , n ≥ , throughout this paper. We use σ B to express the ball with the same center as B and with diam(σ B) = σ diam(B), σ > . We do not distinguish the balls from cubes in this paper. We use |E| to denote the Lebesgue measure of a set E ⊂ R n . We call w a weight if w ∈ L  loc (R n ) and w >  a.e. Let e  , e  , . . . , e n be the standard unit basis of R n , and let ∧ l = ∧ l (R n ) be the linear space of l-vectors, which is spanned by the exterior products e I = e i  ∧ e i  ∧ · · · ∧ e i l , corresponding to all ordered
. . , n. The Grassman algebra ∧ = ⊕∧ l is a graded algebra with respect to the exterior products. For any α = α I e I ∈ ∧ and β = β I e I ∈ ∧, the inner product in ∧ is defined by α, β = α I β I , with summation over http://www.journalofinequalitiesandapplications.com/content/2013/1/436 all l-tuples I = (i  , i  , . . . , i l ) and all integers l = , , . . . , n. The Hodge star operator : ∧ → ∧ is defined by the rule  = e  ∧ e  ∧ · · · ∧ e n and α ∧ β = β ∧ α = α, β ( ) for all α, β ∈ ∧. The norm of α ∈ ∧ is given by the formula |α|
star is an isometric isomorphism on with : 
for some σ ≥ . Further, we write Lip k (M, ∧ l ) for those forms, whose coefficients are in the usual Lipschitz space with exponent k and write ω Lip k ,M for this norm. Similarly, for
for some σ ≥ . When ω is a -form, (.) reduces to the classical definition of BMO(M). 
Note that for any Lebesgue measurable function f defined on a Lebesgue measurable set E with |E| = , we have E f dx = . Thus, u s,∂B =  and dd
Hence, we have the following lemma.
Lemma . Let u be a smooth differential form defined in M and
for any ball B ⊂ M.
The following results about the homotopy operator T can be found in [] .
and convex domain D ⊂ R n , and let T be the homotopy operator defined on differential
forms. Then there is also a decomposition u = Td(u) + dT(u) and
Using the notation above, we can define the l-form
We will use the following generalized Hölder's inequality repeatedly in this paper.
for any E ⊂ R n .
We now prove the following L s norm inequality for the composite operator D • G of the Dirac operator D and Green's operator G applied to differential forms. http://www.journalofinequalitiesandapplications.com/content/2013/1/436 
We have completed the proof of Lemma .. Next, we prove the Poincaré-type inequality for the composition of the Dirac operator and Green's operator, which forms the foundation of this paper.
be a differential form in a domain M, D be the Dirac operator and G be Green's operator. Then there exists a constant C, independent of u, such that
Proof Applying the decomposition of differential forms described in Lemma . to the form
where T is the homotopy operator appearing in Lemma .. From Lemma ., for any differential form v, we have
where C  is a constant independent of v.
) and using (.) and Lemma ., we obtain
We have completed the proof of Theorem ..
Upper bounds for Lipschitz and BMO norms
In this section, we establish the upper bounds for Lipschitz norms and BMO norms in terms of L s norms. Using Theorem ., we now obtain the upper bounds for Lipschitz norm of the composite operator D • G. 
where k is a constant with  ≤ k ≤ .
Proof From Theorem ., we find that
for all balls B ⊂ M. Using the Hölder inequality with  = /s + (s -)/s, we find that
Hence, using the definition of the Lipschitz norm, (.), and  -/s + /n - -k/n =  -/s + /n -k/n > , we have
The proof of Theorem . has been completed. We have proved an estimate for the Lipschitz norm · locLip k ,M in Theorem .. Now, we develop the estimates for the BMO norm
 ≤ k ≤  and M be a bounded domain. Then from the definitions of the Lipschitz and BMO norms, we know that
where C  is a positive constant. Hence, we have the following inequality between the Lipschitz norm and the BMO norm.
Lemma . If a differential form u
where C is a constant.
Combining Theorems . and Lemma ., we obtain the following inequality between the BMO norm and the L s norm. Proof Since inequality (.) holds for any differential form, we may replace u by D(G(u)) in inequality (.) and obtain
be a differential form in a domain M, D be the Dirac operator and G be Green's operator. Then there exists a constant C, independent of u, such that D G(u)
where k is a constant with  ≤ k ≤ . On the other hand, from Theorem ., we have
The proof of Theorem . has been completed.
We will need the following lemma that appeared in [].
Lemma . Let ϕ be a strictly increasing convex function on [, ∞) with ϕ() = , and let E be a bounded domain in R n . Assume that u is a smooth differential form in E such that
ϕ(k(|u| + |u E |)) ∈ L  (E; μ) for any real number k >  and μ({x ∈ E : |u -u E | > }) > , where
μ is a Radon measure defined by dμ = w(x) dx for a weight w(x). Then for any positive constant a, we have
where C is a positive constant.
The following WRH-class of differential forms was introduced in [].
Definition . We say a differential form u ∈ ∧ l (E) belongs to the WRH(∧ l , E)-class and write u ∈ WRH(∧ l , E), l = , , , . . . , n, if for any constants  < s, t < ∞, the inequality
holds for any ball B with σ B ⊂ E, where σ >  and C >  are constants. It is well known that any solutions of A-harmonic equations belong to WRH-class, see [-] for example. Hence, the WRH-class is a large set of differential forms. From Theorem . and (.), we obtain
From the definition of the Lipschitz norm, the Hölder inequality with  = /s + (s -)/s and (.), for any ball B with B ⊂ M, we find that
for some constant σ  > . Combination of (.) and (.) gives
Hence, we obtain
Thus, taking the supremum on both sides of (.) over all balls σ  B ⊂ M with σ  > σ  and using the definitions of the Lipschitz and BMO norms, we find that
The proof of Theorem . has been completed.
Replacing u by D (G(u) ) in Lemma ., we obtain the following comparison inequality between the Lipschitz norm and the BMO norm. 
Weighted inequalities
In this section, we establish the weighted norm comparison inequalities for the composition of the Dirac operator and Green's operator applied to differential form defined in
for some σ > , where M is a bounded domain, the measure μ is defined by dμ = w(x) dx, w is a weight. For convenience, we use the following simple notation locLip
for some σ > , where the measure μ is defined by dμ = w(x) dx, w is a weight. Again, we write BMO( , ∧ l ) to replace BMO(M, ∧ l , w) when it is clear that the integral is weighted.
Definition . We say the weight w(x) satisfies the A r (M) condition, r > , write w ∈ A r (M), if w(x) >  a.e., and
, using the Hölder inequality, we extend inequality (.) into the following weighted version
for all balls B with σ B ⊂ M, where σ >  is a constant. http://www.journalofinequalitiesandapplications.com/content/2013/1/436 
Proof Since w(x) ≥ ε > , we have
for any ball B. Using (.) and the Hölder inequality with  = /s + (s -)/s, we find that
From the definition of the weighted Lipschitz norm, (.) and (.), we obtain
since -/s -k/n +  + /n >  and |M| < ∞. We have completed the proof of Theorem .. Next, we estimate the BMO norm in terms of the
From the definitions of the weighted Lipschitz and the weighted BMO norms, we have
where C  is a positive constant. Thus, we have obtained the following result.
in a bounded domain M, where the measure μ is defined by dμ = w dx and w ∈ A r (M) for some r > . Then u ∈ BMO( , ∧ l , w) and
where C is a constant. 
where k is a constant with  ≤ k ≤ . Using Theorem ., we obtain
Substituting (.) into (.), we obtain
This ends the proof of Theorem ..
Applications
As applications of the results proved in this paper, we consider the following examples. (ii) It should be noticed that the domains involved in this paper are general bounded domains, which largely increases the flexibility and applicability of our results.
